Abstract. In this paper, a new bijective reflection algorithm in two dimensions is proposed along with an associated rotation. The reflection line is defined by an arbitrary Euclidean point and a straight line passing through this point. The reflection line is digitized and the 2D space is paved by digital perpendicular (to the reflection line) straight lines. For each perpendicular line, digital points are reflected by central symmetry with respect to the reflection line. Two consecutive digital reflections are combined to define a digital bijective rotation about arbitrary center (i.e. bijective digital rigid motion).
grid is stated. Other mentionable work on characterization of bijective rotations 18 in 3D space is [12] . The bijective rotation is also studied on hexagonal grid in 19 discrete space [13] .
20
A continuous tranform applied to a digital image is not, in general, bijective, and so two different cases have to be considered.
32
The organization of the paper is as follows: in Sec. 2, we present the pre- 
Preliminaries

39
Let {i, j} denote the canonical basis of the 2-dimensional Euclidean vector space.
40
Let Z 2 be the subset of R 2 that consists of all the integer coordinate points.
41
A digital (resp. Euclidean) point is an element of Z 2 (resp. R 2 ). Two digital 42 points p (p x , p y ) and q (q x , q y ) are said to be 8-connected if |p x − q x | 1 and 43 |p y − q y | 1.
44
For x ∈ R, x is the biggest integer smaller or equal to x and x is the 45 smallest integer greater or equal to x.
46
A naive digital straight line is defined as all the digital points verifying bijective (see the middle image in Figure 1 ).
65
To avoid this problem and create a digital bijective reflection transform, a 66 completely digital framework is proposed here based on the following digital 
72
The idea of the reflection method is the following: let us consider a point p
73
that belongs to a given digital perpendicular straight line P k (k is a parameter 74 identifying the PDSL in the partition). The point p may belong to the digital 75 reflection line (in case there is an intersection) or lie on either side of that line.
76
Let the digital reflection of p be determined in the following way (see Figure 2 ):
77
-let us first suppose that p lies in the intersection between the PDSL P k 
Mathematical Details
99
The mathematical details of the works is stated here. Let us consider the con- 
The digital reflection straight line (DRSL) the digitization (as naive DSL) of L defined as all the digital points verifying:
The perpendicular digital straight lines (PDSL) P k are naive DSLs defined as all the digital points (x, y) verifying :
It is easy to see that all the PDSLs are perpendicular to the DRSL and that 
and the PDSLs are then defined by P k :
.
110
The method supposes that we are able to formally order the points of a given integer abscissa x in a given PDSL).
116
More precisely, = 1, there is one and only one value x. For a given ordinate y, the abscissa x in the PDSL P k is given by the following function:
Let us note that for a given digital point p(x, y), it is easy to determine the PDSL P k it belongs to:
leads to 2k 2 b(x−xo)+a(y−yo) b + 1 < 2k + 2 and thus:
The next question that arises is the determination and the localization of given by (X (2y 1 − y p ), 2y 1 − y p ). Let us note here that the central symmetry
around the ordinate y 1 does not mean here that there is a central symmetry a point p (x p , y p ) ∈ P k is given by (X (y 1 + y 2 − y p ), y 1 + y 2 − y p ).
154
The important point here is that, since there is only one point per ordinate 155 y, a central symmetry on the ordinate leads directly to the reflection point.
156
Algorithm 1 presents the digital reflection transform method. for any point of a given PDSL (and only for those).
163
-Line 6, 8 and 9 ensure that the image of a digital point of a given PDSL P k 164 is a digital point belonging to P k . Indeed the ordinate values 2y 1 − y, 2y 2 − y 165 and y 1 + y 2 − y are integers if y 1 , y 2 and y are integers and (X (y), y) is, by 166 construction, a point of P k if y is an integer.
167
-The reflection of the reflection of a digital point (x, y) ∈ P k is the digital point 168 (x, y): Let us consider (x, y) → (X (y ), y ) → (X (y ), y ) where y = 2y 1 − y, y = 2y 2 −y or y = y 1 +y 2 −y. Let us note first that (x, y) = (X (y), y). For all 170 three cases, we have respectively y = 2y 1 − y = 2y − 1 − (2y 1 − y) = y, y = 171 2y 2 −y = 2y 2 −(2y 2 −y) = y and y = y 1 +y 2 −y = y 1 +y 2 −(y 1 +y 2 −y) = y 172 which proves the point.
173
4 Reflection Based Rotation
174
As mentioned in the preliminaries, a continuous rotation transform Rot θ,(xo,yo) of center (x o , y o ) and angle θ can be defined as the composition of two reflections based on two reflection lines passing through (x o , y o ) with an angle θ/2 between the two lines. In the same way, a digital rotation:
Let us note right away that, since the digital reflection transform is bijective, 175 the digital rotation based on the reflection transforms will be bijective as well.
176
Furthermore, the inverse transform is easily defined. This last point may seem 177 obvious but it is not because a digital transform is bijective that the inverse 178 transform is easily computed.
179
Compared to previous digital rotations methods [7, 15, 13, 10] , there is an 180 extra parameter that comes into play: the angle α. 
Rotation Evaluation Criteria
182
In order to evaluate the "quality" of such a digital rotation, let us present some 183 simple error measures [7] . Each grid point has one and only one image through 
191
The average distance quality criteria (AD) consists in computing the shear based method [7] that is also defined for all angles and centers. The 228 reflection based rotation is however way easier to implement. angles and for all rotation centers, defining a rigid motion transform (see figure   236 6 that illustrates the rotation of an image at various angles and centers). In av-237 erage the distance between a continuously and a digitally rotated point is about 
